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ABSTRACT: To calibrate pinhole MicroSPECT system, two improved methods using only a single
point source were proposed. The uniqueness of calibration result by the proposed methods was
proved theoretically. And simulation calibration of a dual-head system was carried out to validate
the performance of the proposed methods. The simulation results show that reasonable calibration
error is given by both proposed methods.
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1 Instruction
Pinhole MicroSPECT is a system for small animal imaging. It’s essential for such a high resolution
system to calibrate its geometrical parameters. Beque et al proposed a method using three point
source with known distances between each other to calibrate uniquely a single head system [1].
Metzler et al gave a method using only a single point source based on Beque’s, while the tilt
angle and the radius of rotation (ROR) should be supposed known in advance [2]. And for a
multi-pinhole single head system, Wang and Tsui proved that two point sources were sufficient to
uniquely determine its geometry [3].
We proposed two improved methods for single pinhole MicroSPECT, which used only a single
point source to calibrate the geometrical parameters of the system uniquely. Method A is suitable
for both single head and multi-head systems, and Method B for only multi-head ones.
Section 2 describes the two methods and proves the uniqueness of calibration result by using
them. Section 3 gives the simulation result, followed by a conclusion in section 4.
2 Methodology
2.1 System description
Considering a dual-head SPECT system, for each head a set of Cartesian coordinates are estab-
lished based on its detector center. The pinhole center lies at (xc,yc,zc), and axis of rotation (AOR)
lies at (x0,y0) (figure 1). Focal length f is the distance from pinhole to detector plane, tilt angle Φ
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Figure 2. Tilt(left) and twist(right) of detector in i-th head .
Table 1. Parameters and coordinates coorrespondance.
in [1] in this paper description
f f focal length
Φ Φ tilt angle
Ψ Ψ twist angle
d yc − y0 ROR
m xc − x0 mechanical shift
eu (zc cosΦ+ yc sin Φ)sinΨ+ xc cosΨ electrical shift or
ev (zc cosΦ+ yc sin Φ)cos Ψ− xc sinΨ pinhole eccentricity
is formed by AOR and the detector plane, and twist angle Ψ is formed by u-axis of the detector and
X -axis (figure 2). The ideal values of Φ and Ψ are both zero. {x0,y0,xc,yc,zc, f ,Φ,Ψ} describe the
geometry of each head completely. In [1], seven parameters are defined to describe a single head
system, which are the same as those in this paper actually (table 1).
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To avoid confusion, we use subscripts to denote different parameters or objects and super-
scripts in parenthesis to denote different coordinates. For example, f1 denotes the focal length
of the first head, while denotes the X -coordinate of the first head’s pinhole center in X (2)Y (2)Z(2)
coordinates, which is set up based on the second head.
The location of point source is denoted by {r,α ,z}, where r is the distance from the point
source to AOR, α is the azimuth angle when projection angle θ = 0, and z is the Z-coordinates. So
the relative position between two heads could be denoted by rotation angle ρ and Z-shift ∆z, where
ρ = α(1)−α(2) (2.1)
∆z = z(1)− z(2) (2.2)
2.2 Projection geometry
In this subsection, all derivation was taken in one head case. So we omitted the according subscript
and superscript momentarily without causing confusion.
Supposing a point source is located at (r,α ,z), the coordinates (x′,y′,z′) of the point source

















































































In the above equations, (2.4) and (2.5) come from detector tilt Φ, (2.6) comes from pinhole projec-
tion and (2.7) comes from detector twist Ψ. Finally we have
u(θ) = A1 cos(α −θ)+ A2 sin(α −θ)+ A0C0 +C1 sin(α −θ)
(2.8)
v(θ) = B1 cos(α −θ)+ B2 sin(α −θ)+ B0C0 +C1 sin(α −θ)
(2.9)
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where
A1 = −r f cosΨ (2.10)
A2 = r{ f sin ΦsinΨ− [xc cosΨ− (yc sinΦ+ zc cosΦ)sin Ψ]cos Φ} (2.11)
A0 = − f {(x0− xc)cos Ψ− [(y0 − yc)sin Φ+(z− zc)cosΦ] sinΨ}
+[xc cosΨ− (yc sinΦ+ zc cosΦ)sin Ψ] · [(yc − y0)cosΦ+(z− zc)sin Φ] (2.12)
B1 = −r f sinΨ (2.13)
B2 = −r{ f sinΦcos Ψ+[xc sin Ψ+(yc sinΦ+ zc cosΦ)cos Ψ]cos Φ} (2.14)
B0 = − f {(x0− xc)sin Ψ+[(y0− yc)sin Φ+(z− zc)cosΦ]cos Ψ}
+[xc sinΨ+(yc sinΦ+ zc cos Φ)cos Ψ] · [(yc − y0)cosΦ+(z− zc)sin Φ)] (2.15)
C1 = −r cos Φ (2.16)
C0 = (yc − y0)cos Φ+(z− zc)sin Φ (2.17)
2.3 Ensuring uniqueness of calibration result









r,α(i),z(i)}(i = 1,2, . . . ,N). Suppose there are two sets of parameters S = {x(i)0 ,y
(i)
0 , . . . ,z
(i)}(i =
1,2, . . . ,N) and ˜S = {x˜(i)0 , y˜
(i)
0 , . . . , z˜
(i)}(i = 1,2, . . . ,N) causing the same projection (u,v)(θ) at ar-
bitrary projection angle θ . If it could be proved that S = ˜S under certain conditions R, the system
must be calibrated uniquely under R [1]. With the projection of a single point source acquired by
a circular scan of a single pinhole head, only the uniqueness of α and Ψ would be ensured [1, 3],
while for the others the following equations could be obtained(refer to appendix A for detail.):
c = k · l, (2.18)
xc = x˜c, (2.19)
r = kr˜, (2.20)
f = l ˜f , (2.21)
cosΦ = l cos ˜Φ, (2.22)
x0− xc = k(x˜0 − xc), (2.23)
z− zc = c(z˜− z˜c), (2.24)




f tanΦ+ yc sinΦ+ zc cosΦ = ˜f tan ˜Φ+ y˜c sin ˜Φ+ z˜c cos ˜Φ, (2.26)
(2.27)
where k and l are arbitrary positive constant and l cos ˜Φ ≤ 1. Note that (2.19) suggests uniqueness
of xc.
There are two ways to make sure the left parameters unique: A) Acquire more projections, or
B) Know values of some parameters in advance.
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2.3.1 Method A: two circular scans
If a single point source is scanned at two different transverse planes, it is sufficient to uniquely de-
termine geometry of both single head systems and multi-head ones. The additional two conditions
are that the distance r between the point source and the AOR should not change at different scans
and the distance dz between two transverse planes should be exactly given, both of which could be
satisfied for most actual systems.
Suppose that the single point source is circularly scanned at z1 and z2, and
dz = z1− z2 = z˜1− z˜2 (2.28)
is exactly given. (2.18)–(2.26) would still hold for z = z1(z˜ = z˜1) and z = z2(z˜ = z˜2) repectively for
each head. So from (2.25) we will have
dz(sinΦ− sin ˜Φ)/cos Φ = 0 (2.29)
which leads to Φ = ˜Φ. Consequently we have l = 1 from (2.22). And from (2.24) and (2.28) we
will got c = 1, which result in k = 1 since l = 1 holds. And then we get r, f , x0, zi − zc(i = 1,2),
y0− yc, yc sinΦ+ zc cosΦ unique respectively from (2.20), (2.21), (2.23), (2.24), (2.25) and (2.26),
which is actually ensure the uniqueness of geometry of single head system. (refer to table 1).
While for a multi-head system, e.g. a dual-head syttem, the relationship between two heads, i.e.
ρ and ∆z, are also needed to be determined. ρ is uniquely determined from (2.1) since α(i)(i = 1,2)
are uniquely determined for each head. And there leaves ∆z nonunique.















For two coordinates of a same point respectively in X (1)Y (1)Z(1) and X (2)Y (2)Z(2) the following













Transforming (x0,y0) by (2.32), then combining (2.30) and (2.31), and considering x(i)0 =
x˜
(i)
0 (i = 1,2) yields
y(1)c1 (cos
2 ρ −1) = y˜(1)c1 (cos2 ρ −1) (2.33)
y(2)c2 (cos
2 ρ −1) = y˜(2)c2 (cos2 ρ −1) (2.34)
As long as two heads are notlocated oppositely, cos2 ρ −1 6= 0 holds. (It suggests that we’d better
use couple heads whose central line is perpendicular to each other in calibration.) Then we have
y(i)ci = y˜
(i)
ci (i = 1,2) (2.35)
Then from (2.26) we have z(i)ci (i = 1,2) unique. Consequently z(i)j (i, j = 1,2) and ∆z = z(1)j −z(2)j ( j =
1,2) are unique from (2.24) and (2.2). We also have y(i)0 (i = 1,2) unique from (2.35) and (2.25)
as well as k = 1. As a result, the geometry of a dual-head system is completely and uniquely
determined.
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2.3.2 Method B: with Φ(or f ) and yc known
If it is supposed that the tilt Φ(or focal length f ) and distance yc for each head of a multi-head sys-
tem are known, one circular scan with a single point source is sufficient to determine the geometry
of a multi-head system.
We still use dual-head system as an example. Note that (2.18)–(2.26) still hold for each head.
For i-th (i=1,2) head of the system, the awareness of either Φi or fi would yields l = 1 and the






















Letting i = 2 in (2.36) and transforming them to X (i)Y (i)Z(i) using (2.32), and the combining (2.36)













Because two pinholes must locate at different positions, at least one of x(1)c1 − x
(1)
c2 6= 0 and
y(1)c1 − y
(1)




0 (i = 1,2) unique
from (2.36). The we orderly have z(i)c , z(i), ∆z and ρ unique from (2.26), (2.24), (2.2) and (2.1). As
a result we have the geometry of a dual-head system uniquely determined.
2.4 Implementation of calibration
The system is calibrated in the following steps [1]: 1) derive the function Fp(S,θ) with system
geometry parameters set S and projection location at arbitrary projection angle θ ; 2) acquire the
projections ~p(θi) of the point source according the requirement of the proposed methods; 3) mini-
mize objective function Fob j = ∑i |Fp(S,θi)−~p(θi)|2 to obtain the estimated value of S as calibra-
tion results.
3 Simulation result
A dual-head MicroSPECT system is modeled with four different sets of geometrical parameters in
a Monte Carlo program, GATE [4, 5]. The projections were acquired. The geometrical parameters
were calibrated and compared with their true values.
The results (table 2 and 3) show that reasonable calibration error is given by both method A
and B. In method A, the observed maximum absolute errors is 0.43 mm for f , and are less than
0.3 mm for yc, zc and ∆z, and for the rest length values are less than 0.1 mm. For angle values, the
maximum absolute errors are 0.21◦, 0.03◦, and 0.47◦ for Φ, Ψ, and ρ respectively. In method B
with yc and Φ of each head given exactly, the observed maximum absolute errors is 0.42 mm for f ,
and are no more than 0.1 mm for the rest length values. For angle values, the maximum absolute
errors are 0.03◦ and 0.47◦ for Ψ and ρ respectively.
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Table 2. Calibration results of each head. result A is calibrated by two circle scan, and result B is calibrated
by one circle scan with yc and Φ given. The calibration results are rounded off to 2 decimal places.
sets head x0 y0 xc yc zc f Φ Ψ
mm mm mm mm mm mm deg deg
1 1 true value 0.5 0.5 0 20 0 50.5 0 0
result A 0.39 -0.49 -0.09 20.08 -0.09 50.87 0.05 -0.03
result B 0.48 0.53 -0.01 — -0.03 50.85 — -0.01
2 true value 0.5 -0.5 0 20 0 50.5 0 0
result A 0.49 -0.39 -0.01 20.21 -0.24 50.95 0.16 -0.00
result B 0.53 -0.48 0.03 — -0.02 50.85 — -0.01
2 1 true value 0 0 0.5 20 -0.5 50.5 0 0
result A -0.01 0.02 0.48 20.10 -0.73 50.93 0.21 -0.03
result B 0.00 0.00 0.49 — -0.46 50.93 — -0.03
2 true value 0 0 0 20 0 50.5 0 0
result A 0.02 0.01 0.01 20.10 -0.26 50.93 0.19 -0.01
result B 0.00 -0.00 0.00 — -0.02 50.92 — -0.02
3 1 true value 0 0 0 20 0 50.5 0 0
result A 0.03 0.02 0.02 20.12 0.002 50.91 -0.02 0.00
result B 0.04 -0.02 0.03 — -0.01 50.92 — -0.00
2 true value 0 0 0 20 0 50.5 0 0
result A 0.02 -0.03 0.01 20.01 0.24 50.93 0.17 0.01
result B -0.02 -0.04 -0.02 — 0.00 50.92 — 0.02
4 1 true value 0 0 0 20 0 50.5 0 5
result A 0.02 0.10 0.01 20.21 0.06 50.93 -0.06 5.00
result B -0.07 0.10 -0.06 — -0.03 50.90 — 5.00
2 true value 0 0 0 20 0 50.5 0 5
result A 0.01 -0.02 0.07 20.08 -0.28 50.90 0.20 5.00
result B 0.10 0.07 0.08 — 0.00 50.92 — 5.00
Table 3. Calibration results of the coupling of two heads. result A is calibrated by two circle scan, and result
B is calibrated by one circle scan with yc and Φ given. The calibration results are rounded off to 2 decimal
places.
Sets ρ / deg ∆z / mm
true value: 90 true value: -2
result A result B result A result B
1 89.53 89.53 -1.85 -2.00
2 89.54 89.54 -2.00 -1.93
3 89.54 89.54 -1.75 -1.99
4 89.54 89.53 -1.65 -2.02
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4 Conclusion
In this work, two calibration methods were developed for determining the geometry of pinhole Mi-
croSPECT system. Both methods use only a single point source. Method A requires two circular
scans at different transverse planes with distance between each other known. Method B requires
one circular scan and yc and Φ (or f ) of each head given. Both requirements are feasible in prac-
tical systems. Simulation studies show reasonable calibration error with both methods. Method B
provides better results thanks to given yc and Φ values of each head. The relative larger error of f is
believed to be caused by depth of interaction (DOI) of gamma photons inside the crystal. Relative
stronger correlations between yc, Φ, zc and ∆z are observed. Future work is applying the proposed
method to calibrate an actual system.
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A Derivation of (2.18)–(2.26)
Since both S and ˜S satisfy (2.8) and (2.9) for any θ , and α = α˜ has been proved, we have
A1 cos(α −θ)+ A2 sin(α −θ)+ A0 = c
[
˜A1 cos(α −θ)+ ˜A2 sin(α −θ)+ ˜A0
]
, (A.1)
B1 cos(α −θ)+ B2 sin(α −θ)+ B0 = c
[
˜B1 cos(α −θ)+ ˜B2 sin(α −θ)+ ˜B0
]
, (A.2)
C0 +C1 sin(α −θ) = c
[
˜C0 + ˜C1 sin(α −θ)
]
. (A.3)
Where c should be a real scale factor.
Note that for any θ ∈ [0,2pi], (A.1), (A.2) and (A.3) hold. So we can have the following
equation hold when letting θ be some particular value:
A1 = c ˜A1 (A.4)
A2 = c ˜A2 (A.5)
A0 = c ˜A0 (A.6)
B1 = c ˜B1 (A.7)
B2 = c ˜B2 (A.8)
B0 = c ˜B0 (A.9)
C0 = c ˜C0 (A.10)
C1 = c ˜C1 (A.11)
For example, in (A.1) making cos(α −θ) = 0, sin(α −θ) = 0 and sin(α −θ) = cos(α −θ) sepa-
rately could yields (A.4), (A.5) and (A.6). Similarly for other equations of (A.7)–(A.11).
From (A.4) we have
r f = cr˜ ˜f . (A.12)
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From (A.11) we have
r cos Φ = cr˜ cos ˜Φ. (A.13)





˜f = l (A.14)
Generally we can define another scale factor k making c = k · l, which is just (2.18), holds and we
could have (2.20), (2.21) and (2.22) hold from (A.12)–(A.14).
Considering (2.18), (2.20), (2.21), (2.22) and Ψ = ˜Ψ, from (A.5) we have
f sinΦsinΨ− (xc cosΦcos Ψ− yc sinΦcos Φsin Ψ− zc cos2 ΦsinΨ)
= f sin ˜Φsin Ψ− l(x˜c cos ˜ΦcosΨ− y˜c sin ˜Φcos ˜Φ sinΨ− z˜c cos2 ˜Φsin Ψ) (A.15)
and from (A.8) we have
f sinΦcosΨ+(xc cosΦsin Ψ+ yc sinΦcos Φcos Ψ+ zc cos2 Φcos Ψ)
= f sin ˜Φcos Ψ+ l(x˜c cos ˜Φ sinΨ+ y˜c sin ˜Φcos ˜ΦcosΨ+ z˜c cos2 ˜Φcos Ψ) (A.16)
(A.16)× sinΨ− (A.15)× cosΨ yields
xc cosΦ = lx˜c cos ˜Φ (A.17)
Considering (2.22) we consequently have (2.19).
Substituting (2.19) and (2.22) into (A.16) leads to
f sin Φ+ yc sinΦcos Φ+ zc cos2 Φ = f sin ˜Φ+ y˜c sin ˜ΦcosΦ+ z˜c cos ˜ΦcosΦ (A.18)
If we substitute (2.21) into (A.18) and divide both hands of (A.18) by cosΦ(note that cosΦ 6= 0,
for Φ ∈ (−pi2 ,
pi
2 )), we could have (2.26).
Considering (2.17), (2.26), (A.10) and Ψ = ˜Ψ, from (A.6) we have
0 = f {[k(x˜0 − xc)− (x0− xc)]cos Ψ− (k ˜D−D)sinΨ}+C0( f tanΦ− ˜f tan ˜Φ)sinΨ (A.19)
and from (A.9) we have
0 = f {[k(x˜0 − xc)− (x0− xc)] sinΨ+(k ˜D−D)cosΨ}−C0( f tanΦ− ˜f tan ˜Φ)cos Ψ (A.20)
where
D = (y0 − yc)sin Φ+(z− zc)cosΦ, (A.21)
˜D = (y˜0 − y˜c)sin ˜Φ+(z˜− z˜c)cos ˜Φ. (A.22)
(A.19)× cosΨ+(A.20)× sinΨ leads to
f [k(x˜0− xc)− (x0− xc)] = 0. (A.23)
For f is the focal length and could not be zero, we have (2.23).
(A.19)× sinΨ− (A.20)× cosΨ leads to
C0( f tan Φ− ˜f tan ˜Φ) = f (k ˜D−D). (A.24)
Considering (2.17), (2.22), (A.21), (A.22) and f 6= 0, (A.24) yields (2.24).
Combining (A.10) and (2.24) leads to (2.25).
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